A technique for the measurement of dielectric properties of low loss and homogeneously isotropic media in the microwave region is studied. The measuring structure is a resonator made up of a cylindrical dielectric rod and conducting plates. The dielectric constants and loss tangents are computed from the resonant frequencies, structure dimensions and unloaded Qs of the TE 01δ mode. A simple field model is introduced to analyze this resonator structure. Unlike other simple models, this model does not have the defect of low measurement accuracy of dielectric properties. Important factors affecting the dielectric properties measurements are introduced. Error sources for measurements are also discussed. The measurement accuracy is justified by comparing the results with those of other techniques. In addition, various methods for calculating the power factor and conducting loss and for measuring the conductivity of the conducting plates are discussed. The accuracies of certain of these methods have not previously been studied, but are given in this paper. The swept frequency capability was also studied. It was found that dielectric properties in microwave frequencies could be measured within a frequency range of 3 GHz.
Introduction
Dielectric resonators are widely used for microwave dielectric property measurements of a low loss, homogeneous isotropic medium [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Metal shields are always introduced to prevent radiation loss. By placing the sample inside a closed metal cavity, using cavity resonance and waveguide reflection resonance techniques [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , the resultant low conducting loss enables highly accurate measurement of the loss tangent (tan δ). However, resonant modes supported by the metal cavity may cause difficulties in identifying the desired TE 01δ mode supported by the dielectric. For measurements using the TE 011 mode of the Hakki and Coleman post-resonance technique [1, 2, 16] , where the sample is not placed inside a cavity but instead simply contacts the metal shields, good accuracy on the dielectric constant (ε r ) measurement can be reached. Unfortunately, high conducting loss will reduce the accuracy of the loss tangent measurement. Moreover, a single frequency point was usually measured by the dielectric resonance methods.
The parallel-plate dielectric resonator (figure 1) has three advantages. First, the sample is not placed in a cavity, meaning that no resonant modes are supported by the metal cavity. In addition, the sample does not come into contact with the metal shields. Thus, the conducting loss, under most conditions, is much lower than that of the post-resonance method. Finally, the parallel-plate setup can measure the dielectric properties at various frequency values within a certain frequency range by simply adjusting the distance between the two conducting plates. This method is known as the parallel-plate dielectric resonance technique.
Very good and accurate field analyses have been given by other publications [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . The accurate electromagnetic field analyses of the dielectric resonators are always quite complicated [17, 18] . Various simplified models have been published [19] [20] [21] [22] . Those simplified models usually suffer from the problem of lower accuracy for the descriptions of the configurations of the electromagnetic fields. A simple model that gives very accurate prediction of the resonant frequency of the parallel-plate dielectric resonator has been proposed. This model was then adopted for microwave dielectric property measurements [23, 24] , showing good measurement accuracy. An investigation of the computations of the conductor loss and radiation loss under this model was published [25] . This model also displayed quite reasonable accuracy in the prediction of conducting and radiation losses. A detailed description, review of theories and the swept frequency capability, as well as comprehensive data analysis of the experimental results on this technique, while necessary, are lacking in the literature.
In this paper, an integrated study of the parallel-plate resonance technique is presented. The purpose of this study is to gain a greater understanding of the advantages and limitations of this technique. The expressions for estimating the measurement errors on dielectric constant and loss tangent and for determining the required distance between the two plates are analyzed. Important factors known to affect the measurement of the dielectric properties in microwave frequencies are studied, along with the accuracies of various methods for calculating or measuring those factors are studied. The dielectric properties at various frequencies of the three samples are measured by this parallel-plate technique and other methods, and the results compared to investigate the measurement accuracy of this technique. With an understanding of this technique, accurate measurement of microwave dielectric properties may be obtained across a wide frequency range. Further, many of our conclusions and findings may also be applied to other measurement methods that use a dielectric resonator as the measurement structure.
Theoretical analysis

General analysis
Several different theoretical analyses of the parallel-plate dielectric resonator in figure 1 have been reported in the literature [17] [18] [19] [20] [21] [26] [27] [28] , with the TE 01δ mode generally being the mode that is studied. Its field expressions are quite complicated. An example of such a study is the report of [17, 18] , where infinite series field expressions are used. Accurate prediction of the resonant frequency was given in their papers. They also calculated the conductor loss and the radiation loss for metal shields with infinite diameter where the radiation loss can be neglected if the distance between two metal plates is below a cutoff (h < λ o /2; λ o is the free space wavelength corresponding to the resonant frequency). In practical applications, the diameter of the metal plates is finite. The radiation loss may become comparable with the conductor loss when h < λ o /2, especially when the dielectric constant of the dielectric is low [25] . There are two reports [29, 30] dealing with the radiation loss in the postresonance technique (L 1 = L 2 = 0). Those papers did not address the radiation loss for the case with finite diameter, and the condition of L 1 , L 2 = 0. Correct computation for the radiation loss with a finite diameter 2b requires adequate field expressions to account for the edges (r = b) of the metal shields. Since the analysis requires quite complicated formulations, a simple model that can give accurate predictions of the resonant frequency, conductor loss and radiation loss is greatly needed.
Various simplified models have been published [19] [20] [21] [22] . To confirm the accuracy of the analyses, computation of the resonant frequency has always been included in the publications to compare calculations with the experimental results. The Itoh and Rudokas model [19] is one of the more interesting ones. Although its accuracy in predicting the resonant frequency is not very good, it has the great advantage of using very simple field expressions. The variational method [31] has been suggested to improve the Itoh and Rudokas model, giving a much more accurate computation of the resonant frequency. Conductor loss was also computed, based on a perturbation method, in this paper. Unfortunately, the Itoh and Rudokas model is not adequate for the calculation of radiation loss [25] . A modification was suggested to improve the simple field expressions of the Itoh and Rudokas model to give accurate prediction of the resonant frequency and reasonable computations of the conductor and radiation losses for the TE 01δ mode without using complicated field expressions [23] [24] [25] .
Starting with the correctional results on Cohn's model [20] for the TE 01δ mode, where fields in each region for a homogeneous and isotropic dielectric resonator are denoted by the subscripts 1-6 [23] [24] [25] :
where
and J and K are the Bessel function and the modified Bessel function, respectively. The magnetic field components can be easily derived from the above equations by using
Equation (1) is not a perfect field distribution. Expressions in regions 4 and 5 do not satisfy the Helmholtz equation [31] . Another concern of those correctional results is the discontinuity at the boundary of r = a, due to the assumption of a perfect magnetic conductor in Cohn's model. However, after modification, the resonant frequency and conductor and radiation losses can be reasonably calculated using the imperfect equations. Instead of using the perfect magnetic conductor assumption, Itoh and Rudokas adopted a more realistic situation by putting the continuity at the interface between region 1 and region 6, resulting in the eigenvalue equation [19] :
where equation (2a) is no longer valid. k ci and k co are obtained by substituting equations (2b) and (2c) in equation (4) . The fields in regions 4 and 5 are postulated to be zero and E φ1 , E φ2 , E φ3 and E φ6 are identical to those found in equation (1) . Therefore, discontinuities occur at the interfaces of regions 4 and 5 with the other regions. In order to more accurately calculate the radiation and conductor losses, all the field expressions in equation (1) will be adopted, though defects exist in the fields. Equation (4) is still valid for the continuities on the interfaces of r = a (between regions 1 and 6, 2 and 4, and 3 and 5). However, it was found that the k co value obtained by equations (2b), (2c) and (4) was not adequate to obtain a reasonable radiation loss [25] value because the decay of fields in regions 4, 5 and 6 is too rapid. Thus, equation (2b) was modified to the following [23, 24] : 
(5a)
After modification by equations (4) and (5), with the exception of equations (2a) and (2b), all the equations in (1) and (2) are still valid. k co obtained from equation (5) is then substituted into equation (4) to compute k ci by a simple numerical method. The resonance frequency is computed from equations (2e) to (2g) by a thickness matching method [31] .
Fields analyses
Two diagrams of the field distribution are presented here to enable familiarity with the behavior of a dielectric resonator. For the TE 01δ mode, H φ = E r = E z = 0, and from equation (3), the other magnetic field components can be easily derived from the following equations (see the appendix):
In figures 2 and 3, ε r = 25, Figure 2 shows the computed distribution of the electric and magnetic fields versus radial distance. The variation of E φ and H r in region 1 (r < a) is described by the function J 1 (k ci r). It is seen that it starts from zero at the origin, reaches a maximum at r/a = 0.7 and then, at r = a, decreases to a value of roughly 80% of the maximum. In region 6 (r > a), E φ and H r are given by the function K 1 (k co r) which behaves somewhat like a decaying exponential function. The variations of H z in regions 1 and 6 are given by the the functions J 0 (k ci r) and K 0 (k co r), respectively. It is monotonically decaying in region 6 as well. In figure 3 ,
the horizontal coordinate represents the distance in the z direction, and the vertical coordinate represents the relative field amplitude. One can observe that the H z component has the same sign everywhere in space while the H r component changes sign at the center of the dielectric resonator. The nonzero component of H r on the metal shields implies the existence of conducting loss. The continuity of fields on the dielectric/air boundary is satisfied in both figures 2 and 3.
Calculations of dielectric properties
Through measurement of the sample and setup dimensions, resonant frequency and unloaded quality factor of the TE 01δ mode, the dielectric constant and loss tangent of the dielectric can be calculated. Figure 4 shows the relationship of the resonant frequency to the dielectric constant and sample dimensions.
A program for a personal computer was developed. The Newton-Raphson iterative procedure is used to solve (4) . k co is first calculated from the measured values by (2d), (5a) and (5b). An initial value of k ci is then tried in (4) and then sufficient iterations are performed to give a solution. Once the solution of k ci is obtained, the dielectric constant can be computed from (2e) to (2g) by the thickness matching method [31] with a similar iterative procedure. The loss tangent is computed by
where Q u , Q c , Q r and A are the measured unloaded quality factor, the quality factor due to the conducting loss, the quality factor due to the radiation loss and the ratio of total energy stored in the dielectric and air to the energy stored in the 
Calculations of factor A
From its definition, A can be expressed as
where W d and W a are the energies stored in the dielectric and the surrounding regions, and are calculated by
From equations (9a) and (9b), the stored energy is proportional to the dielectric constant and the integration of squared electric field. Since the electric field decays exponentially in the air region as can be seen from (1b) to (1f ), most of the energy will be confined in the dielectric and A is very close to unity if the dielectric constant is much larger than unity. Therefore, for the loss tangent computation of a high dielectric constant sample, the energy stored in the air region can simply be ignored, without introducing a significant error [13, 14] . Based on a perturbation theory [32] , the factor A can also be calculated by using the relationship between a frequency shift (δf o ) caused by a small change in the dielectric constant (δε r ) of a sample with resonant frequency f o and the dielectric constant ε r [18] : (8) and (10).
The advantage of this perturbation method is that it avoids the complicated field computations by using the definition, i.e., (8) and (9) . The disadvantage of (10) is that a very accurate calculation of the relationship between the dielectric constant and the resonant frequency is required. Figure 5 is an example of a comparison of (8) to (9) and (10) . Good agreement is reached between the two methods. Figure 6 gives the relation of A with the diameter/thickness ratio of the sample. The exact sample dimension can be determined by referring to figure 4 . The A factor increases with decreasing dielectric constant, consistent with the foregoing discussion. The curves with higher resonant frequencies have higher A values than those of lower resonant frequencies, primarily because of the smaller sample dimension of the higher resonant frequency. This causes an increase in the volume ratio of the air region to the dielectric sample, increasing the A factor, as (8) and (9) make clear. Additionally, figure 6 shows that the A factor decreases as the D/L ratio increases, which means that W a is primarily determined by the side region (region 6) for small D/L. Simply letting A = 1 permits control of the error inside 10% if the dielectric constant and D/L are larger than 20 and 2, respectively, with the frequency significantly less than 10 GHz. It must also be pointed out that the calculations of A in figure 6 are based on the assumption of a shield diameter close to ∞. In a real situation, the A factor should be modified as the shield diameter changes, especially for low dielectric constant samples.
Calculations of Q c
The Q factor due to the conducting loss is calculated by
where P c and W e are the power lost in the conductor and the total stored energy, respectively. In addition to using (11) for the calculation of Q c , the perturbation theory can also be used to compute Q c by [18, 33] (11) and (12) .
advantage of this perturbation method is that it does not need to deal with the field expressions as does (11) . The disadvantage is the requirement for the accurate prediction of the frequency shift due to the distance change. Figure 7 gives a comparison of (11) and (12) . With a larger distance between the sample and shield, the larger error by (12) means that the accuracy of calculated frequencies decreases as the sample/shield distance is increased. Even though the error is quite small, it does affect the accuracy of the Q c calculation by (12) [25] . The relation of Q c to the sample dielectric constant and distance between the shields is shown in figure 8 . The typical sample dimension of D/L = 10 mm/5 mm is used in the figure. It should be noted that the conducting loss will increase with increasing D/L ratio because of the increasing surface area of the sample cross section [25] .
Measurement of the conductivity of a metal shield
From equation (7a), in order to obtain the precise value of the loss tangent, accurate calculation of the conductor loss of the metal shields can be very important. Unfortunately, the surface resistance R s of the brass plates may change with the surface roughness, oxidation, scratch and temperature variation. The measurement of the surface resistance of the metal shields is necessary. Two different methods of measuring the shield surface resistance have been published. One suggested method used two cylindrical samples cut from the same rod, one sample with thickness N times (N is for the TE 01N mode) that of the other sample [29] . Under the condition L 1 = L 2 = 0, i.e., the sample contacts the two metal shields directly, the resonant frequency of the TE 011 mode of the short sample is the same as that of the TE 01N mode of the long sample. The equation for calculating the surface resistance is based on the assumption that the two samples have the same loss tangent values at the same frequency [29] , 
where Q u1 and Q uN are the measured unloaded Q values of the TE 011 and TE 01N modes of the shorter and longer samples, respectively. The other suggested method used only a single cylindrical sample with (D/L) 2 ∼ 3, where the resonant frequencies of the TE 012 and TE 021 modes are very close, as are the loss tangents. The surface resistance can then be calculated by [34] 
where A 1 and A 2 are the A factors, B 1 and B 2 are the B values and Q u1 and Q u2 are the unloaded Q values for the TE 012 and TE 021 modes, respectively. Equation (14) is considered to be the easier method because only one sample is required for the R s measurement. After the surface resistance is obtained, the conductivity can be calculated. 
Analysis of Q r
Q r is calculated by [25] Q r = 2ωW e P r (15) where P r is the power lost from the side regions, which is computed by the integration of Poynting's vector over the surface of r = b by assuming a perfect absorber for this surface [29] . The relation of Q r to the dielectric constant and distance between the shields is shown in figure 9 . In this figure, the shield diameter 10 cm and the typical D/L = 10 mm/5 mm are also used. It can be easily understood that the radiation loss increases with increasing distance between the shields. The lower radiation loss for the higher dielectric constant occurs because of the lower transmission coefficient on the dielectric/air boundary and smaller field amplitude outside the sample. In addition, the radiation loss is higher for the smaller D/L ratio because of the larger side area for energy to be lost in the sidewall [25] . From figure 9 , the radiation loss can be neglected under the condition tan δ > 10 −4 , ε > 10 and M < 4 mm. For ε < 10, in order to keep the radiation loss low, high conductor loss appears when the distance between shields and sample is reduced. In practical measurement, the choice of the sample dimension should ensure lower summation of radiation and conductor losses for higher measurement accuracy.
Error analysis
Error analysis for the dielectric constant measurement
There are three major error sources for the dielectric constant measurements. The first, (E ε1 ), represents the error caused by the measurement of the resonant frequency. E ε1 can be easily derived from equation (2) by assuming a constant k ci [18] ,
where f o is the measurement error of the resonant frequency f o . The other error source is the measurement error of the gap between the sample and shields and the sample dimension. The dielectric constant measurement error resulting from the gap measuring error (E ε2 ), from (2), (12) and (16) , can be expressed as
which is the same as that of E ε1 . The error caused by the measurement errors in both diameter D (E ε3 ) and thickness L (E ε4 ) can also be derived from (2):
where D and L are the measurement errors in the sample diameter and thickness, respectively. The relationship between E ε3 and E ε4 and the sample dimension are given in figure 10 . With a typical sample dimension D/L = 2-4 for measurement, a 1% error in the diameter or thickness measurement can cause a measurement error of about 0.5 to 1.5%. The last error source is the uncertainty error. That error may arise for different reasons: calibration error of the network analyzer, temperature and humidity instability, bends in the measuring cables, exact position and imperfection of the specimen and other unexpected reasons.
Error analysis for the loss tangent measurement
There are various sources of error for the loss tangent measurement. The first main error source is from the measuring error in the unloaded quality factor Q u , by (7a), which may be caused by the measurement errors by half power bandwidth, amplitude and transmission coefficient. The error (E δ1 ) from the frequency bandwidth measurement error ( f 3dB ) can be derived from (7) and expressed as
The error from the measurement error due to the transmission factor S 21 ( S 21 ) measuring error can be expressed as [30] 
which indicates that strong coupling between the device under test and the testing instrument will increase the error in the loss tangent measurement because S 21 will approach unity as the coupling increases. The other main error source stems from the calculation errors in both factor A and the conducting loss. For the calculation error of factor A, the loss tangent measurement error can be derived and expressed as
Generally this error can be ignored for high dielectric constant samples. The loss tangent measurement error caused by the conducting loss calculation can be derived from (7) and (11) and expressed as
where R s is the measurement error of the surface resistance R s of the metal shields. For a low conducting loss condition, E δ4 can be ignored. The final error (E δ5 ) is the uncertainty of measurements. As discussed above, that error is caused by different factors.
Finally, the combined rms errors for both dielectric constant and loss tangent measurements can be calculated by using
with the assumption that all errors are independent.
Experiments
Experimental setup
A photograph of the experimental setup used in the measurement is shown in figure 11 . It is constructed of two flat conducting plates made of brass with two semirigid coaxial cables, each of which has a small loop at the top. A dielectric rod sample is placed on a styrofoam support near the center of the lower plate. Using styrofoam as the sample support takes advantage of its low dielectric constant (ε r = 1.03), which is very close to the unit dielectric Figure 11 . Photograph of the setup used in measurements.
constant value of air, to reduce the influence of sample support on the measurements. A transmission-type resonator was constructed and undercoupled equally to the input and output loops. The resonant frequency f o for the TE 01δ mode, the half power bandwidth f 3dB and the transmission parameter S 21 at f o were measured using a network analyzer by means of the swept frequency method. The dielectric constants were then calculated by equations (2c)- (2g), (4) and (5). The loss tangents were computed by equation (7). In equation (7a), the A factor, Q c and Q r are obtained by using equations (8), (11) and (15), respectively. In the experiment, the desired TE 01δ mode must be identified. For L 1 = L 2 = 0, the TE 011 mode is usually the resonant mode with the second lowest frequency (the lowest frequency mode is H E 111 [29] ). For L 1 , L 2 > 1 mm, the TE 01δ mode is usually the resonant mode of the lowest frequency. If one can have a rough dielectric constant of the sample, the resonant frequency can be estimated by equations (2c)-(2g), (4) and (5) before conducting the measurements.
Measurement of the conductivity of the metal shields
As mentioned, the surface resistance may be measured using the setup L 1 = L 2 = 0. Either two samples with the thickness of one sample N times that of the other sample (where N accounts for the N of the TE 01N modes) or one sample with the square of the diameter/thickness ratio approaching 3 can be used for the measurement by using equations (13) or (14), respectively. In this paper, using equation (13), two alumina samples with diameter 12.6 mm and thicknesses 7 mm and 14 mm, respectively, are used. The alumina sample with diameter/thickness equal to 12.6 mm/7 mm is also adopted for the R s measurement, using equation (14) . The measurement results on the surface resistance of the brass shield are then converted to the conductivity as given in table 1. A 3% error was found in both measurements using equations (13) and (14) .
The agreement is good between the measurements of conductivity using the two different methods. The average conductivity value 1.41 × 10 7 ( m) −1 by the two methods was then used for the measurements made using this parallelplate resonance technique. 
Measurement results of dielectric properties and analyses of uncertainties
To examine the validity of using the parallel-plate resonance technique proposed in this paper, three samples were measured with various frequencies by adjusting the distance between the two metal shields. To confirm the accuracy of measured results, the dielectric constant and the loss tangent of those three samples were also measured by the cavity perturbation technique [2, 35] and the cavity resonance technique [2, 15] . For the cavity resonance method, equation (7) is used for computation of the loss tangent where the radiation loss does not exist because a closed cavity is adopted and the factor A is assumed to be close to unity.
The measurement results are listed in table 2. Dielectric properties in a frequency range of about 3 GHz are measured by adjusting the distance between the two conducting plates. To analyze the uncertainty of the dielectric constant measurements, in the four error sources by equations (16) to (19) , the errors E ε2 , E ε3 and E ε4 are obtained from the measurement errors of sample and setup dimensions and cannot be observed from the variations of the measurement results of the dielectric constants. For E ε1 , the observed maximum frequency uncertainty was about 1%. From equation (16) , the maximum measurement error due to the frequency deviation will be about 2%. In table 2, the dielectric constants are 10.69 ± 2.4%, 24.50 ± 1.9% and 36.69 ± 1.8% for samples 1, 2 and 3, respectively. Those variations are close to the 2% maximum error prediction.
For the measurements of the loss tangent, the f/tan δ values in addition to the tan δ values are listed in table 2, to enable comparison of the parallel-plate and the cavity resonance methods. The use of f/tan δ for comparison is based on the assumption that the loss tangent is proportional to the frequency (f/tan δ = constant) at microwave frequencies [36] . This relationship was proved to be accurate in some examples [2] and is a good way to compare the accuracy in loss tangent measurement at various measurement frequencies.
Good agreement in loss tangent measurements between the two techniques was also reached and the accuracy in measured loss tangent values was demonstrated.
For the uncertainties of loss tangent measurements in equations (20) to (23) , the error E δ4 results from the measurement error of the surface resistance and cannot be observed from the measurement results of the loss tangent. Assuming E δ3 can be ignored as discussed before, the measurement uncertainty of the loss tangent may be calculated using equations (20) , (21) and (24) . The observed maximum deviations in f 3 dB and S 21 were about 3% and 2 dB with S 21 around −20 dB (E δ2 about 3%), respectively. From equation (24) , the maximum measurement error will be about 4.2%. In table 2, the measurements of f/tan δ are 19 230 ± 3.9%, 8826 ± 7.9% and 6482 ± 3.6% for samples 1, 2 and 3, respectively. Those variations agree with the 4.2% maximum error prediction, except for sample 2. One reason for the higher measurement deviation of sample 2 may be E δ5 . Another possible reason is that the expression f/tan δ = constant may not be very accurate.
Conclusions
A systematic discussion on the parallel-plate dielectric resonance technique by using the TE 01δ mode to measure the dielectric constant and the loss tangent has been given in this paper. The field expressions have been given. The computeraided measurement procedure was described. The results for the calculations, by definition and by the perturbation method, on both stored energy ratio and conducting loss, were compared. The perturbation method is not adequate for the calculation of conducting loss if the sample/shields gap becomes large. The error in the dielectric constant measurement results from measurement errors in the resonant frequency and the sample dimension. For the loss tangent measurement, errors from half power bandwidth, amplitude resolution, conducting loss calculation, coupling condition and calculation of the A factor are also discussed. By comparison with other measurement methods to confirm the measured results, the parallel-plate resonance technique has shown accurate measurement of both dielectric constant and loss tangent. It has also shown the capability of measuring dielectric properties with various frequencies through adjustment of the distance between the shield plates.
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Appendix. Magnetic field expressions
From equation (6) 
